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Symmetric Binary Forms and Involutions. — Continued.* 

By Arthur B. Coble. 



§10. The Form H 32 as a Ternary Quartie. 

In the representation of § 2, the symmetric form 

#3, 2 = (a&Yicw^asXaYta&Y 

is viewed as a ternary quartie with reference to an arbitrarily chosen proper 
norm-conic N. If no conditions are imposed on the form the quartie is general. 
An involutive set of the form determines a set of five points on N such that any 
four of the five are apolar to the quartie, i. e., an antorthic five-point or A\^ of 
the quartie. The A\^s are subject to five conditions and are oo B in number. 
A conic will pass through each one. If N be chosen as such a conic, H St 2 has 
one involutive set and therefore, according to (26), has oo 1 involutive sets. 
Hence 

(83) The oo 5 antorthic sets A\ ti of a general quartie are distributed co 1 at a 
time on each of a system of oo i conies. On each conic of the system the A\^ 4 's con- 
stitute the involution H lti of (26). 

In the representation of § 3, the translation of (26) is: 

(84) If a pentahedron in S t has its five points on a quadric and its five S 3 's 
on a norm-curve N if there are oo 1 pentahedra with points on the quadric and SJs 
on N±. 

The next and last stage in the number of involutive sets of H 3% is when it 
has oo 3 sets and becomes an 7 3< 2 . Hereafter we shall suppose this to be the case. 
The quartie, Q, has then oo s A\J$, on the norm-conic N. If a point x t on N be 
fixed, the 7 3S reduces to an 7 a<2 and N is an involution conic of a cubic, /, the 
polar cubic of x i as to N". Since the invariant, ViS, of this polar cubic is of 
the second degree in the coefficients of the i^g, there are four points on N 
whose polar cubics have S = 0. These four points are determined by the 
equation 

(8 5) (a^XagOj) [(aia 2 )(a{a0 + (a^Xafe)] (a&' s )\a&f(a'ixY = 0. 

* This article is a continuation of one under the same title in this volume, pp. 182-212. The numbering 
of paragraphs and theorems is consecutive with that of the previous paper. 
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Let the four parameters of points on N, determined by (85), be y lf y % , y 8 , y^. 
Since .AT" is an involution conic of the polar cubic of y i} for which # = 0, it must 
pass through the vertices of the Hessian triangle of the polar cubic. But these 
also are known to be points on the covariant S of the quartic Q and therefore 
must be the points yi,y z ,Vz- Hence the four points are a symmetrical set on N; 
the polar conic of any two is the square of the line joining the other two or any 
three of the four are apolar to the quartic. If H z% is an I 3<2 , the quartic Q has 
an antorthic set A^ 4 .* To show that this condition is sufficient and to find the 
number of conies N when it is satisfied, we employ the convenient canonical 
form of a quartic with an ^ 4 , namely, a sum of the fourth powers of the six 
lines joining the four points. Let then the four points be the vertices of the 
triangle of reference and the unit point. 

(86) Q = ax\ + bx\ + cx\ + l(x z — a; 3 ) 4 + m(x 3 — a^) 4 + n{x x — a^) 4 . 

Since the conic iVmust contain oo 3 -A^/s, the polar conic of any two points 
y and z on N as to Q must be (when taken in line form) apolar to N. Since also 
iVmust pass through the A 3>i its equation is 

aXi{x 2 — x s ) + Px 2 (x a — ajj) + yx^ fa — x z ), 
where 

a + £ + r = °- 

Then if y and z are two points on N, we have 
((3-y):(y-a):(a-p) = 

Vi{yz — Vz) • yz(ys — yi) ■ y&{yi — 2/2) = %(% — %) = %(«& — «i) = *fa — %)• 

Forming the line equation of the polar conic of y and z as to Q and substituting 
for the coordinates of y and z their values in terms of a, /?, y, the apolarity 
condition reduces to 

(87) al{(3 — yf + bm,(y — a) 8 + cn(a — /3) 3 = 0. 

Hence if Q has an A 3< 4 , there are three conies on the A 3< 4 each of which contains 
oo 3 A\^s of Q which constitute an I 3% . Such conies will be called involution 
conies of Q. 

The binary cubic (87) is apolar to the cubic (/3 — y)(y — a)(a — /?) and its 
Hessian is 

bcmn(y — a)(a — @) + canl(a — /?)(/? — y) + ablm(@ — y){y — a). 

* Quartics of this type have been noticed briefly by Caporali ; Memoire, p. 347, §§ 35, 36, 37, 40 and 44. 
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But /? — y = determines the parameter of a degenerate conic in the pencil 
through A 3< 4 . Hence the two conies of the pencil which form the Hessian pair 
of the three involution conies are 

bemn sc z x 3 (x 3 — a3i)(a; 1 — <r 2 ) + , 

which according to Caporali is the covariant S. Thus the triad of involution 
conies is completely defined by its apolarity with the triad of line pairs on i' ]4 
and with the pair of conies into which S degenerates. 

That Q have an A\ yi is a single invariant condition which is easily deduced 
from the canonical form (86). Denote this invariant by S x because of its 
resemblance to the invariant S of a cubic. Caporali calculates the invariant of 
Q of the third degree 

A = £3,0,0 = (a + b + c)(mn + nl + Im) + al(b + c) 

+ bm(c + a) + cn{a + b) -j- abc. 

The invariant B of degree six which is the condition that Q have an apolar 
conic is 

B = Cg.0,0 = abclmn. 

The covariant conic of degree five which, when B = 0, is the point equation of 
the apolar conic is 

C= G = .B \ 4- — 4- — 4- v 3 ^ — ^3) , \ x s x i) , \ x \ x z) 1 
M '° ( / T jii + m + « + ' b ""' c j' 

The invariant Z) of degree fifteen, the discriminant of C, turns out to be B Z A, i. e., 

D—B z A* = 0. 

Since in general D does not factor into JS 2 J.,f this is an invariant condition 
satisfied by our special quartic and furnishes the required invariant, Si=D — B Z A, 
of degree fifteen. Summing up the above we find that 

(88) The involution form, I 32 , with reference to a norm-conic, N, represents 
a ternary quartic which satisfies the single invariant condition of degree fifteen, 
Si = 0. Q has an A 3< 4 and the covariant S of Q is two conies on the Ag\ 4 . In the 
pencil of conies on Ag\ 4 there is a set of three which is apolar to the set of three 
degenerate conies of the pencil and whose Hessian pair is S. On each of these three 
involution conies, one of which is N, the sets A\ B of Q lie in an 7 3i 3 . 

* The numerical factors of the invariants are not adjusted to any given system. 

\ M. g., Dis irreducible for the special quartic of Salmon which contains only even powers. 
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The simplest picture of an J 3Z is the system of intersections of a rational 
quintic B 6 in S s by the planes of S 3 . Hence we have shown that 

(89) The rational invariant theory of the rational quintic in # 3 coincides with 
that of a ternary quartic subject to the condition #! = after the adjunction of the 
cubic irrationality which separates the three involution conies.* 

To every comitant of Q there corresponds a binary comitant of the form 
T 3Z , the transition being made with formulae (29) and (30). And to every 
comitant of I 3<z there corresponds a comitant of the ternary form Q which may, 
however, according to (89), be irrational. Each covariant of Q cuts the involu- 
tion conic N in a set of points whose parameters are the parameters of a set of 
covariant points on R & ; e. g., Q itself determines on N the parameters of the 
eight byperosculating planes on E 6 . The Hessian of the polar cubic of any 
point x 1 on N cuts N in three pairs of corresponding points ; each pair with x x 
determines the parameters of a triple secant of R 5 . The covariant # determines 
on N the parameters of the four meets with JS 5 of its unique fourfold secant. 

Let us consider the 24 meets of N and the Steinerian of Q, R = T 2 — %S 3 , 
a curve of order twelve. If Xi is the parameter on N of one of the 24 points, 
for this fixed x u I 3yZ becomes an 7 2 ,2 represented by the nodal polar cubic of ar x 
for which N is an involution conic. Since the discriminant of / (for any point 
x 1 on N) breaks upf into two rational factors of degree six, the 24 points separate 
into two sets of 12 points. The involution conic passes through the nodes of the 
polar cubics of the points of the one set. The node and flex-line of the polar 
cubics of points of the other set are pole and polar with regard to N [see pp. 
205-6]. Hence 

(90) Each of the three involution conies of a ternary quartic with an A 3t 4 meets 
the Steinerian in the 1 2 points (/3) which correspond to the 1 2 points (a) in which 
it meets the Hessian. It meets the Steinerian further in 12 points (y) of whose 
nodal polar cubics the node and flex-line are pole and polar as to the conic. 

To the sets (a), ((3), (y) on N there correspond on B & sets of twelve points 
described as follows: 

(91) R§ has twelve tangents at points (a) which meet the curve again at 
points (13). 

*In some special cases noted hereafter the part of this theorem which concerns the number of involution 
eonics requires modification. 

\ This separation does not inyoWe a degeneration of X into two curves of order 6. Similarly for any 
point £, on If the invariant 8 of the polar cubic of Xj is the square of a rational expression, but the covariant 
S is not the square of a conic. 
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(92) A triple secant of B 5 on a point r meets B 5 in points s x and s z and con- 
tains two planes which touch B 5 at points ^ and t z ; there are 12 points r, points (y), 
such that the three triple secants on r determine three pairs s^ involutorily pro- 
jective to the three pairs tjt z . 

To every -invariant of Q there corresponds an invariant of B 5 . Let us 
examine for example the invariant B. When S x = and Q is in the canonical 
form (86), clearly B = requires that one of the six coefficients, say I, be zero. 
B = is also the condition that Q have an apolar conic which in this case is the 
point pair u^, two points of A\ ti . The conic G is then x\ and it cuts N in the 
apolar point pair whose parameters are, say x 1 and x z . The polar line of the 
three points x lf t 1} t z , where t x and t 2 are arbitrarily chosen on N, will cut N in 
the points x z and t 3 , i. e., every one of the set of A\ 6 's which contain x x contains 
also jCg. This requires on B 6 that every plane on the point whose parameter is 
x x meet the curve again in the point whose parameter is x z , whence these are the 
parameters of a double point on B 6 . 

(93) The condition that B 6 have a double point is the vanishing of the invariant 
B of the sixth degree in the coefficients of its I 3Z . The parameters of the double 
point are determined from the two double roots of (cjpciffax) 2 = 0, where (c 1 a; 1 ) 2 (c 2 a; 2 ) 2 
is the symmetric form of degree five in the coefficients of I 3t z which represents the 
conic C. 

Instead of using known properties of Q to obtain facts concerning B 5 the 
reverse process can be employed. It is well known that an B 6 can lie on a 
quadric surface, in which case all generators of one kind are fourfold secants. 
The T 3iZ of such an B 6 determines an interesting ternary quartic not noticed 
hitherto. As before, to each fourfold secant, there corresponds on iVfour double 
points of S f whence S must be the square of the conic N and its points must 
fall into sets of four which belong to an I 1<3 . Each set of the I h3 is an A\ A of Q. 

We shall show first that S the square of a conic is a sufficient condition for 
this phenomenon, the necessity of the condition being obvious. Let s x be any 
point on the conic 8. The polar cubic of s t as to Q has a Hessian triangle whose 
vertices, t u t z , h> a l so ^ e on & Each set of three points, s^fa, is apolar to Q. 
The polar cubic of t t has a Hessian triangle with vertices SjTgT^ on S. But s x t % 
and sfa are apolar to this cubic, whence t^ is the line of the Hessian triangle 
opposite e lt i. e., the lines t % t 3 and t % r 3 coincide. Hence the pairs t z t 3 and r z r 3 on 
the same line and conic coincide. Thus any three of the four points sJJ^ are 
47 



360 Coble : Symmetric Binary Forms and Involutions. 

the Hessian triangle of the polar cubic of the remaining point and the four are an 
^3,4 of Q- Evidently there are oo * such Al^'s of Q on S in an I lt3 . That S is 
an involution conic follows from the fact that S is on the Hessian triangle of the 
polar cubic of any point on S and therefore is an involution conic of the polar 
cubic (p. 204). But if an J2J, i3 for any assigned value of one variable reduces to 
an I 2tZt the H 3>% is an I 3i% . Hence 

(94) That the covariant S of a quartic Q be the square of a conic is the neces- 
sary and sufficient condition that Q have oo 1 A 3ti 's which must lie in an I 13 on the 
conic. The conic also contains ao s Al B 's of Q which lie in the I 32 of an B 5 on a 
quadric surface. 

Further it is clear that 

(95) An I l3 on a conic determines a unique quartic Q whose covariant S is 
the square of the conic: The sets of I i<3 are A 3<i 's of Q. 

The B 6 on a quadric, the I 1<3 , and the quartic Q each depend on three 
absolute constants. The quartic Q with a unique A 3i depends on five absolute 
constants. It is one condition on a, b, c, l } m, n that S be the square of a conic. 
Writing 

r x = al f r 2 = bm, r s = en, 

*i = »i + r a + r 3 , s 2 = r 2 r 3 + r 3 r x + r x r % , s 3 — r x r % r 2 , 

this condition is s% — 48^3 = 0. When this is satisfied, the number of constants 
is four ; but the reduction to the canonical form is possible in oo 1 ways, whence 
the number of absolute constants is three. In treating Q we must suppose 
B :£ 0, which emphasizes that an E 6 on a proper quadric can not have a 
double point. 

The Steinerian and Hessian of Q have remarkable properties. It will 
happen six times that two points of an A 3i coincide. Let the coincident pair 

of such an A^ ti be p 4 and the other two points be a t and t 4 , *= 1, 2, ,6. 

Then o\Oi, pf 1 ^, and pjC^ are each apolar to Q. This requires that the polar 
cubics of a t and <r 4 have cusps at p t with cusp tangents p { <r t and p^ respectively. 
So all points on the line ofa have polar cubics with a node at o it and the line is a 
part of the Steinerian. Since the Jacobian of a net of curves has a double point 
at a point where all the curves of a pencil in the net have a double point, the 
Hessian of Q (the Jacobian of the net of first polars) has a double point at p t . 
Evidently the Steinerian, B = T 2 — %S 3 , factors into two sextics when S is the 
square of a conic. The factors are .#!= T+V^SS and B 2 = T — */qSS. We 
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shall see that, to accord with our earlier convention,* the first factor must repre- 
sent the six lines a fa. Since T= and R z = 0, when R^ = S = 0, we find that 
the line a fa must meet both R z and T three times at cr 4 and three times at <r 4 . 
Thus R z and ^each have the line a fa for a double flex- tangent at the flex-points 
a t and <r 4 . Since the cusp tangents of first polars touch the Hessian at the cusp, 
the tangents to the Hessian at p t are ppi and p^. 

(96) The Hessian of Q has six double points p t on the conic 8 whose tangents 
cut S again in pairs of points Cfa. The Steinerian decomposes into the six lines 
Ofa and a sextic R z which has the six lines a fa for double flex-tangents which touch 
at Oi and t t . R 2 , being in one-to-one correspondence with H, has six further double 
points not on 8. The polar cubics of points on a fa have double points at p if the 
double-point tangents being harmonic with pfa and p^ it which are the cusp tangents 
of the polar cubics of a t and <r t respectively. 

According to (94), N= <*/ S is an involution conic of Q. But Q has also 
other involution conies. From the definition of the involution conies in (88) we 
conclude that when 8 is a perfect square two of the three involution conies on 
an A^ t 4 coincide with 8. But the third is distinct and still has the property that 
taken with the conic 8 twice it forms a triad apolar to the three degenerate 
conies on the A% ti . But this requires that the involution conic be apolar to 8 in 
line form.f The four points on 8 being given, there is a single conic of this 
kind and the I 1<3 of A^^'s determines a pencil of conies M which meet in a set 
of four points, O 4 , orthic J to the conic 8. On an involution conic M there is a 
single A\ t 4 of Q and its involution is that of an R 5 which does not lie on a 
quadric. As before, we show that the twelve meets of M and H correspond to 
the twelve meets of if and R 2 , whence the sextics Hand R % are cut by oo 1 conies 
in twelve pairs of corresponding points. 

Through a point » on a line a fa there passes a conic M which is an involu- 
tion conic of the polar cubic of x. The invariant R^ of this cubic vanishes ; 

* In the first paper the general cubic was considered with regard to a proper involution conic, the polar 
conic of a point P as to the cubic A. If, however, P were on the Hessian of A, k A , its polar conic would be 
degenerate and the eatire construction would fail. From (54), A A — — J-B^S — 2 y JiS/)- The condition that 
P lie on A A is given in (52). Comparing this condition with (49) we find it to be S t = 0. For this case, how- 
ever, a new determination of the involution conies was made (p. 205). 

t A triad of conies in a pencil, (aa;) 8 , (&Z)', (c!c) 2 , is apolar to the triad of degenerate conies in the pencil if 
(a&c)" =: 0. 

%I. e., 8 in lines is a sum of squares of the four points. 
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hence its flex-line is the polar of its node p { as to M. The polar lines of p t as to 
the pencil M meet in a point r if the partner of p, in the quadratic Cremona 
involution determined by 0*. The line r t p t is touched by two conies of the 
pencil at r i and p 4 . Since the conic on p t touches N at p if the line r t p t is the 
tangent to N= VS at p 4 . This is also evident from the fact that this tangent 
is the flex-line of the cuspidal polar cubics of a t and r t . 

(97) In addition to the special involution conic N whose square is S, Q has 
oo * involution conies M which lie in a pencil apolar to N in lines and cut N in the 
-^s, i s °f Q- The conies M each cut the Steinerian sextic B 2 and the Hessian in 
twelve pairs of corresponding points. 

The flex-lines of the polar cubics of points on a line o fa meet in a point r if each 
line on r t being a flex-line of two cubics. r t is on the tangent to N at p t and the pair 
of points r i p i is apolar to all the conies M. 

We shall show further that the six Steinerian lines touch a conic. Take 
p if <7 i} t l as the reference triangle u u u%, « 3 and let x z + x 3 = be the tangent 
to N at u t . Then Q takes the form 

ax\ + $x\ + yx% + h(x z + x 3 ) 4 + Xkx^ + 4k^ix\x 1 . 

B = ahxy 
and 

C = a"X % {L % x\ — ahy^?x% — a5/3/u 2 a| + 2aSfyt x x {lx % + fix 3 ). 

Thus x x = meets C in two points apolar to m 2 w 3 , the two points in which it 
meets If. Hence this line lies on the conic locus of lines which cut N and C in 
harmonic pairs. 

(98) The six Steinerian lines touch a conic, the intermediate or Clebschian of 
C and N. 

Further study of the comitants of Q would no doubt yield results worth 
noting. For example the point equation of the contravariant ^> of degree 5 and 
class 4 has been determined * to be 

2(3BS— 2C*)(2HC— S 2 ) — (SBH— SGf = 0. 

Its twenty-four cusps are the meets of ZBS — 2C 2 = and SBH — SC=0. 
From the equation of <p we find that it has the six double points of H as double 
points with the same tangents as H. Also since SBS — 20 z factors, the 24 cusps 
of $ lie 12 at a time on two conies of the pencil determined by VS and G. The 

* Coble, Amebican Journal, Vol. XXVIII, pp. 344-45. 
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locus of lines whose associate conies degenerate is in general a sextic <4>. The 4> 
of Q is the square of the cubic whose lines join pairs of points in the I h 3 on N. 

The above discussion suggests a classification of non-singular i? 5 's into 
three types : 

(99) Type (A). B & is the general quintic with a single fourfold secant. 

Q is the general quartic with an -4| 4 and three involu- 
tion conies (90). 
Type (B). R 6 has a single fourfold secant. Q has oo^^'s. The 
involution conic is one of a pencil and contains a single 
A^±. B B depends on four constants, Q depends on three 
constants and the involution conic on one. 
Type (C). B 5 has oo 1 fourfold secants on a quadric. The involu- 
tion conic is unique. i? 6 and Q each depend on three 
constants. 
In the usual classification according to the number of fourfold secants, 
types (A) and (B) coincide. In this classification with reference to Q, types (B) 
and (C) hang together. 

To characterize the B 5 of type (B) we observe that on the involution conic 
M the 12 Steinerian points whose corresponding Hessian points do not lie on M 
are cut out by the six Steinerian lines and separate into six pairs. The polar 
cubics of a pair have the same flex-line. But this line cuts if in the fixed points 
of the binary involution described in (73) and (92). Hence 

(100) On an B 5 of type (B) the 12 points (y) o/(92) separate into six pairs, 
the points of a pair determining the same binary involution on ike curve. 

This is not a very marked geometrical peculiarity of the curve. A better 
condition should arise from the existence of the four special points of the curve 
which correspond to the base points of the pencil of involution conies. 

When B 5 has an actual multiple point, the number of Ai A 's of Q and the 
number of involution conies vary. 

If B 6 has a double point, Q has an applar point pair, p x p z . The polar 
cubic of either point is three lines through the other. The Hessian pairs of the 
two sets of three lines form a quadrilateral with opposite vertices p lt p z ; q 1} q z ; 
and r lt r 2 . Then both p lf p z , q lf q z and p 1} p a , r lf r 2 form an JJ 4 of Q. On 
each -4jj (4 there are three involution conies. S is the product of the four sides 
of the quadrilateral. 
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If R 6 has two double points, Q is a sum of the fourth powers of four lines. 
Any two of the three pairs of opposite vertices of the quadrilateral are an J| i4 
of Q, there being three involution conies on each A\ yi . Again 8 is the product 
of the four lines. 

If B 5 lies on a quadric cone and has a triple point at the vertex, Q is a 
sum of three fourth powers. S vanishes identically. Any conic through the 
vertices of the three-line is an involution conic. The vertices determine the 
parameters of the triple point. 

I will obtain finally a covariant conic of Q which becomes S when S is the 
square of a conic. Taking Q in the canonical form (86) and using the notation 
of p. 360 we find that the conic whose polar as to Q is C is 

K = B* J X — Oi(«x + «2 + m 3 ) — *¥*„] J. 

This conic and S involve the six coefficients only in the combinations r lf r 2 , r 3 . 
The point equation of K is 

C x = &\ 2 ~ [_8o? + a* + 4- 3 fa- x«f + fa - x,f + fa - x 2 f] 

+ 2 -^r [— A + A + A— fa — a*? +fa — ®iT + fa - *hf] }• 
The polar of K as to S is 

C % = B 3 1 2 -jg- [- Sxf + 2x1 + 2xi - 3 fa - Xsf + 2(a% - x x ) 2 + 2(0^— x z f] 

+ 2^[-±A + 4 + A-4fa-x 3 y + fa-x 1 Y + fa-x 2 y-]\. 



Then 



G, + BG Z = 6^| 2(rfr§ - rM - »vfo + wft^a* - z 3 ) f . 



Evidently this covariant conic of degree twenty goes through A\ t 4 . When Q 
has oo 1 A^i'a, it must either vanish identically or pass through all and coincide 
with S. But one easily verifies that its vanishing imposes further conditions on 
r i) r a> r 3 taan tne one j *i — 4s 1 s 3 = 0, which requires that S be the square of a 
conic. Hence it must coincide with S. 

A discussion of the relation between a ternary rational quintic and the 
cubic surface determined by its i" 2i3 is reserved for a later article. 

Baltimore, April 15, 1909. 



